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GABRIEL-QUILLEN EMBEDING FOR n-EXACT CATEGORIES
RAMIN EBRAHIMI
Abstract. Our first aim is to provide an analog of the Gabriel-Quillen embedding
theorem for n-exact categories. Also we give an example of an n-exact category that
in not an n-cluster tilting subcategory, and we suggest two possible ways for realizing
n-exact categories as n-cluster tilting subcategory.
1. Introduction
Higher Auslander-Reiten theory was introduced by Iyama in [6, 5]. It deals with n-
cluster tilting subcategories of abelian and exact categories. Recently, Jasso [7] introduced
n-abelian and n-exact categories as a higher-dimensional analogs of abelian and exact
categories, they are axiomatization of n-cluster tilting subcategories. Jasso proved that
each n-cluster tilting of an abelian (res, exact) category is n-abelian(res, n-exact).
In [3] and [8], independently it has been shown that any small n-abelian category is
equivalent to an n-cluster tilting subcategory of an abelian category. This note is an
attempt to generalize this result for n-exact categories. We give an example of an n-exact
category that is not equivalent to an n-cluster tilting subcategory, so we have to use a
different strategy for realizing n-exact categories as n-cluster tilting subcategories.
LetM be a small n-abelian category. We denote by ModM the category of all additive
contravariant functors from M to the category of all abelian groups. Let Eff(M) be
the subcategory of effaceable functors, parallel to the proof of Gabriel-Quillen embedding
theorem we will show that composition of the Yoneda functor with the localisation functor
M
Y
−→ModM
q
−→
ModM
Eff(M)
sends n-exact sequences in M to exact sequences in A = ModM
Eff(M)
. We will also show that
this functor reflects n-exact sequences and the essential image is n-extension closed, both
upto Morita equivalence. Furthermore we will show that the essential image is n-rigid in
A. In the end we suggest two possible ways for realizing n-exact categories as n-cluster
tilting subcategory.
In section 2 we recall the definitions of n-exact categories, n-cluster tilting subcategories
and some of their basic properties. And we give an example of an n-exact category that is
not an n-cluster tilting. In section 3 after recalling some results from localisation theory of
abelian categories, we construct the embeddingM →֒ A = ModM
Eff(M)
with desired properties.
We end with a question that by results of this paper it make sense to has positive answer.
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1.1. Notation. Throughout this paper, n always denotes a fixed positive integer andM
is a fixed small n-exact category.
2. preliminaries
In this section we recall the definition of n-exact category and n-cluster tilting subcat-
egory. And we give an n-exact category that can’t be an n-cluster tilting subcategory of
an exact category.
2.1. n-exact categories. Let M be an additive category and d0 : X0 → X1 be a
morphism in M. An n-cokernel of d0 is a sequence
(d1, . . . , dn) : X1
d1
→ X2
d2
→ · · ·
dn−1
→ Xn
dn
→ Xn+1
of objects and morphisms inM such that for each Y ∈M the induced sequence of abelian
groups
0→ Hom(Xn+1, Y )→ Hom(Xn, Y )→ · · · → Hom(X1, Y )→ Hom(X0, Y )
is exact [7]. The concept of n-kernel of a morphism is defined dually.
Definition 2.1. ([7, Definition 2.4]) Let M be an additive category. A left n-exact
sequence in M is a complex
X0
d0
→ X1
d1
→ · · ·
dn−1
→ Xn
dn
→ Xn+1
such that (d0, . . . , dn−1) is an n-kernel of dn. The concept of right n-exact sequence is
defined dually. An n-exact sequence is a sequence which is both a right n-exact sequence
and a left n-exact sequence.
Let A be an additive category and B be a full subcategory of A. B is called covariantly
finite inA if for every A ∈ A there exists an object B ∈ B and a morphism f : A→ B such
that, for all B′ ∈ B, the sequence of abelian groups A(B,B′) → A(A,B′) → 0 is exact.
Such a morphism f is called a left B-approximation of A. The notions of contravariantly
finite subcategory of A and right B-approximation are defined dually. A functorially finite
subcategory of A is a subcategory which is both covariantly and contravariantly finite in
A.
We say that a morphism f : X → Y of n-exact sequences is a weak isomorphism if fk
and fk+1 are isomorphisms for some k ∈ {1, . . . , n + 1} with n + 2 := 0. Note that weak
isomorphisms induce isomorphisms in the homotopy category H(M) by [7, Proposition
2.7].
Definition 2.2. ([7, Definition 4.2]) Let M an additive category. An n-exact structure
onM is a class X of n-exact sequences inM, closed under weak isomorphisms of n-exact
sequences, and which satisfies the following axioms:
(E0) The sequence 0֌ 0 · · · → 0։ 0 is an M-admissible n-exact sequence.
(E1) The class of X -admissible monomorphisms is closed under composition.
(E1op) The class of X -admissible epimorphisms is closed under composition.
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(E2) For each X -admissible n-exact sequence X and each morphism f : X0 → Y 0,
there exists an n-pushout diagram of (d0X , . . . , d
n−1
X ) along f such that d
0
Y is an
X -admissible monomorphism. The situation is illustrated in the following com-
mutative diagram:
X0 X1 · · · Xn Xn+1
Y 0 Y 1 · · · Y n
d0X d
1
X d
n−1
X d
n
X
d0Y d
1
Y d
n−1
Y
f
(E2op) For each X -admissible n-exact sequence X and each morphism g : Y n+1 → Xn+1,
there exists an n-pullback diagram of (d1X , . . . , d
n
X) along g such that d
n
Y is an X -
admissible epimorphism. The situation is illustrated in the following commutative
diagram:
X1 · · · Xn Xn+1
Y 0 Y 1 · · · Y n Y n+1
d1X d
n−1
X d
n
X
d0Y d
1
Y d
n−1
Y d
n
Y
g
An n-exact category is a pair (M,X ) where M is an additive category and X is an
n-exact structure onM. If the class X is clear from the context, we identify M with the
pair (M,X ). The members of X are called X -admissible n-exact sequences, or simply
admissible n-exact sequences when X is clear from the context. Furthermore, if
X0
d0
֌ X1
d1
→ · · ·
dn−1
→ Xn
dn
։ Xn+1
is an admissible n-exact sequence, d0 is called admissible monomorphism and dn is called
admissible epimorphism.
Definition 2.3. ([7, Definition 4.13]) Let (E ,X ) be an exact category and M a subcate-
gory of A. M is an n-cluster tilting subcategory of (E ,X ) if the following conditions are
satisfied
(i) Every object E ∈ E has a left M-approximation by an X -admissible monomor-
phism E֌ M .
(ii) Every object E ∈ E has a rightM-approximation by an X -admissible epimorphism
M ′ ։ E .
(iii) We have
M = {E ∈ E | ∀i ∈ {1, . . . , n− 1},ExtiX (E,M) = 0}
= {E ∈ E | ∀i ∈ {1, . . . , n− 1},ExtiX (M, E) = 0}.
Note that E itself is the unique 1-cluster tilting subcategory of E .
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A full subcategory M of an exact or abelian category E is called n-rigid, if for every
two objects M,N ∈ M and for every k ∈ {1, . . . , n− 1}, we have ExtkE(M,N) = 0. Any
n-cluster tilting subcategory M of an exact category E is n-rigid.
The following theorem gives the main source of n-exact categories.
Theorem 2.4. ([7, Theorem 3.16]) Let (E ,X ) be an exact category andM be an n-cluster
tilting subcategory of (E ,X ). Let Y = Y(M,X ) be the class of all X -acyclic complexes
X0֌ X1 → · · · → Xn ։ Xn+1
such that for all k ∈ {0, 1, . . . , n + 1} we have Xk ∈ M. Then (M,Y) is an n-exact
category.
LetM be an additive category and M be an object ofM. A morphism e ∈M(M,M)
is idempotent if e2 = e. M is called idempotent complete if for every idempotent e ∈
M(M,M) there exist an object N and morphisms f ∈ M(M,N) and g ∈ M(N,M)
such that gf = e and fg = 1N . Assume that r : M → M
′ is a retraction with section
s : M ′ → M . Then sr : M → M is an idempotent. It is well known that if r : M → M ′
has a kernel k : K → M , this idempotent splits and there is a canonical isomorphism
M ∼= K ⊕M ′ [1].
In abelian categories all retractions have kernel, in exact categories this is not happen
in general. and an exact category that all retractions have kernel are called weakly
idempotent complete [1]. But it is obvious that any admissible epimorphism that is a
retraction has a kernel.
Let M be an n-cluster tilting subcategory of an exact category (E ,X ). A morphism
f :M → N is admissible epimprphism inM if and only if it is X -admissible epimorphism
[7]. Thus if f : M → N is an admissible epimorphism in M that is a retraction with
section g : N → M , the idempotent gf : M → M splits. And M ∼= N ⊕Ker(f). By the
definition of n-cluster tilting subcategory, Ker(f) ∈M.
Now we give an example of an n-exact category that doesn’t satisfy the above condition,
and so it is not an n-cluster tilting.
Example 2.5. ([7, Example 3.5]) Let n ≥ 2 and K be a field. Consider the full subcat-
egory V of modK given by the finite dimensional K-vector spaces of dimension different
from 1. Then it has been shown in [7, Example 3.5] that V is not idempotent complete,
but it satisfies other axioms of n-abelian category. By a similar argument the class of
all exact sequences with n + 2 term is an n-exact structure on V. But there exist an
admissible epimorphism K3 → K2 which is a retraction, that doesn’t give a splitting of
K3.Thus V can’t be an n-cluster tilting subcategory. Note that we can consider V as an
n-cluster tilting subcategory of itself, but in this case the induced n-exact structure is
different than the class of all exact sequences in modK.
Remark 2.6. By the above example there is n-exact categories that aren’t equivalent to
an n-cluster tilting subcategory. One can try to prove the following.
(⋆) Let M be a small n-exact subcategory, is there an exact category E and an em-
bedding M →֒ E such that the additive closure add(M) is an n-cluster tilting
subcategory of E?
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3. Embeddings into abelian categories
Let M be a small n-exact category. In this section we find an abelian category A
and an embedding F : M →֒ A, such that F sends n-exact sequences in M to exact
sequences in A. We also show that F reflects n-exact sequences and it’s essential image
is n-extension closed, both upto Morita equivalent. Furthermore we will show that the
essential image of F is n-rigid in A.
First we recall localisation theory of abelian categories, for reader can find proof in
textbooks or Gabriel thesis [4]. Let A be an abelian category, a subcategory C of A is
called a Serre subcategory if for any exact sequence
0→ A1 → A2 → A3 → 0
we have that A2 ∈ C if and only if A1 ∈ C and A3 ∈ C. In this case we have the quotient
category A
C
that is by definition localisation of A with respect to the class of all morphisms
f : X → Y such that Ker(f) ∈ C and Coker(f) ∈ C.
Theorem 3.1. Let C be a Serre subcategory of A, and let q : A → A
C
denote the canonical
functor to the localization. The following hold:
(i) A
C
is an abelian category and q is an exact functor.
(ii) q(C) = 0 for all C ∈ C, and any other exact functor that annihilate C factor
uniquely throw q.
A Serre subcategory C ⊆ A is called localising if the canonical functor q : A → A
C
admits a right adjoint r : A
C
→ A called the section functor, which always is fully faithful.
Note that a localising subcategory is closed under all coproducts which exist in A. The
converse is true for Grothendieck categories, indeed we have the following result.
Theorem 3.2. Let C be a Serre subcategory of a Grothendieck category A. The following
statements hold:
(i) C is a localising subcategory if and only if it is closed under coproducts.
(ii) In this case the quotient category A
C
is a Grothendieck category.
Let C be a Serre subcategory of A. Recall that an object A ∈ A is called C-closed
if for every morphism f : X → Y with Ker(f) ∈ C and Coker(f) ∈ C we have that
HomA(f, A) is bijective. Denote by C
⊥ the full subcategory of all C-closed objects, the
following result is well known.
Theorem 3.3. (i) Let C be a Serre subcategory of A, then
C⊥ = {A ∈ A | Hom(C, A) = 0 = Ext1(C, A)}
(ii) If C is localising, then the section functor induces an equivalence r : A
C
→ C⊥
(iii) If C is localising and A has injective envelopes, C⊥ is closed under injective en-
velopes.
We also need the following technical lemma.
Lemma 3.4. Let 0 → A → L → M → 0 be an exact sequence in A with L ∈ C⊥, then
A ∈ C⊥ if and only if Hom(C,M) = 0.
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Now we want to apply the above general results to ModM. Recall that ModM is
the category of all additive contravariant functors from M to the category of all abelian
groups, it is an abelian category that all limits and colimits are defined point-wise. Also
by the Yoneda’s lemma representable functors are projective and ΣX∈MHom(−, X), the
direct sum of all representable functors is a generator for ModM. Thus ModM is a
Grothendieck category.
A functor F ∈ ModM is called effaceable if for each object X ∈ M and x ∈ F (X)
there exists an admissible epimorphism f : Y → X such that F (f)(x) = 0. We denote by
Eff(M) the full subcategory of effaceable functors. For each k ∈ {1, . . . , n} we denote by
Lk(M) the full subcategory of ModM consist of all functors like F such that for every
n-exact sequence
X0 → X1 → · · · → Xn → Xn+1
the sequence of abelian groups
0→ F (Xn+1)→ F (Xn)→ · · · → F (Xn−k)
is exact. Also for a Serre subcategory C of an abelian category A we set C⊥k = {A ∈ A |
Ext0,...,k(C, A) = 0}. Note that C⊥1 = C⊥ by Theorem 3.3.
Proposition 3.5. (i) Eff(M) is a localising subcategory of ModM.
(ii) Eff(M)⊥ = L1(M)
Proof. Using the axioms (E0) and (E1) of n-exact categories one can shows that Eff(M)
is a Serre subcategory closed under coproducts, thus (i) follows.
(ii). Let L ∈ L1(M), consider the exact sequence 0 → L → I → M → 0 where I
is injective envelope of L. First note that for every n-exact sequence X : X0 → X1 →
· · · → Xn → Xn+1 by definition
0→ (−, X0)→ (−, X1)→ · · · → (−, Xn)→ (−, Xn+1)
is exact, applying the exact functor (−, I) to this sequence we obtain that 0→ I(Xn+1)→
I(Xn) → · · · → I(X1) → I(X0) is exact, Also because L ∈ L1(M) it hasn’t effaceable
subobject, so I hasn’t effaceable subobject because it is injective envelope if L. This
means that I is an n-exact functor i.e
0→ I(Xn+1)→ I(Xn)→ · · · → I(X1)→ I(X0)→ 0
is exact for all n-exact sequences in M. Consider the following diagram
0 0 0
0 L(Xn+1) I(Xn+1) M(Xn+1) 0
0 L(Xn) I(Xn) M(Xn) 0
0 L(Xn−1) I(Xn−1) M(Xn−1) 0
GABRIEL-QUILLEN EMBEDING FOR n-EXACT CATEGORIES 7
All rows are exact by assumption, and the left-hand and middle columns are exact,
now long exact sequence theorem tells that 0 → M(Xn+1) → M(Xn) is exact. Thus
Hom(Eff(M),M) = 0. Now by Lemma 3.4 L ∈ Eff(M)⊥. Proof of the statement that
Eff(M)⊥ ⊆ L1(M) is is similar. 
We denote by H :M→ L1(M) the composition of the Yoneda functor M→ ModM
and the localisation functor ModM → M
Eff(M)
≃ Eff(M)⊥ ≃ L1(M). Thus H(X) =
(−, X) :Mop → Ab.
Proposition 3.6. (i) For every n-exact sequence X0 → X1 → · · · → Xn → Xn+1
0→ H(X0)→ H(X1)→ · · · → H(Xn)→ H(Xn+1)→ 0
is exact.
(ii) Every exact sequence 0 → H(X0) → F 1 → · · · → F n → H(Xn+1) → 0 is
Morita equivalent to an exact sequence 0→ H(Y 0)→ H(Y 1)→ · · · → H(Y n)→
H(Y n+1) → 0 for some n-exact sequence Y 0 → Y 1 → · · · → Y n → Y n+1. I.e H
up to Morita equivalent reflects n-exact sequences and it’s essential extension is
n-extension closed.
(iii) The essential image of H is n-rigid.
Proof. Because the Cokernel of H(Xn) → H(Xn+1) is effaceable (i) follows. Let
ξ : 0 → H(X0) → F 1 → · · · → F n
α
→ H(Xn+1) → 0 be an exact sequence in
L1(M). Then Coker(α) is effaceable, and there exists an admissible epimorphism
Y n → Xn+1 inducing the following commutative diagram with exact rows. Where
the top row is image of an n-exact sequence Y 0 → Y 1 → · · · → Y n → Xn+1, and
the bottom row is Morita equivalent to ξ (cf. [2, proof of theorem 3.9]).
0 H(Y 0) H(Y 1) · · · H(Y n) H(Xn+1) 0
0 H(X0) F¯ 1 · · · F¯ n H(Xn+1) 0
Apply (E2) by forming n-pushout diagram, we have the following commutative
diagram with n-exact rows.
Y 0 Y 1 · · · Y n Xn+1
X0 X1 · · · Xn Xn+1
It is clear that H identifies the bottom row with ξ, up to Morita equivalence
and the result follows. Thus the essential image of H is n-extension closed, in
particular H reflects n-exact sequences. The proof of (iii) is similar and we omit
it (cf. [2, proof of theorem 3.9]). 
The following observation is interesting and is our motivation for Question 3.8
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Proposition 3.7. For every k ∈ {1, · · · , n}, Eff(M)⊥n = Ln(M).
Proof. By Proposition 3.5 Eff(M)⊥1 = L1(M). We prove by induction that for all 1 ≤
k ≤ n, Eff(M)⊥k = Lk(M). Let L ∈ Eff(M)
⊥k and X : X0 → X1 → · · · → Xn →
Xn+1 an arbitrary n-exact sequence. Consider exact sequence 0 → L → I → M → 0
where I is injective envelope of L, by dimension shifting L ∈ Eff(M)⊥k if and only if
M ∈ Eff(M)⊥k−1 = Lk−1(M), applying the long exact sequence theorem to the following
short exact sequence of complexes
0→ L(X)→ I(X)→ M(X)→ 0
Because the middle column is exact we obtain that M ∈ Lk−1(M) if and only if L ∈
Lk(M). 
By Example 2.5 there is n-exact categories that are not n-cluster tilting. Every full sub-
category of an n-abelian category that is closed under taking n-pullback and n-pushout,
has a natural structure of n-exact category. The positive answer to the following question
prove the converse.
Question 3.8. Let M be a small n-exact category. Dose Eff(M)⊥n = Ln(M) is an
n-cluster tilting subcategory of abelian category Eff(M)⊥ = L1(M)?
Remark 3.9. Note that positive answer to Question 3.8 complete the following table
in a natural way. Recall that for an additive category B, modB is the full subcategory
of ModB consist of all finitely presented functors, and eff(B) is those functors that an
epimorphism induces their finite presentation. It is not hard to see that in the following
cases eff(B) = Eff(B) ∩modB.
A is a small abelian category. modA
eff(A)
≃ eff(A)⊥ ≃ A
A is a small exact category.
ModA
Eff(A)
≃ Eff(A)⊥ ≃ Lex(A) and A is an ex-
act subcategory of it.
M is a small n-abelian category.
modM
eff(M)
≃ eff(M)⊥ has an n-cluster tilting
subcategory eff(M)⊥n ≃M.
M is a small n-exact category.
ModM
Eff(M)
≃ Eff(M)⊥ ≃ L1(M) has an n-cluster
tilting subcategory Eff(M)⊥n thatM nicely
embed in it.
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